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ON ASYMPTOTICALLY SHARP BI-LIPSCHITZ INEQUALITIES
OF QUASICONFORMAL MAPPINGS SATISFYING
INHOMOGENEOUS POLYHARMONIC EQUATIONS
SHAOLIN CHEN AND DAVID KALAJ
Abstract. Suppose that f is a K-quasiconformal ((K,K ′)-quasiconformal resp.)
self-mapping of the unit disk D, which satisfies the following: (1) the inho-
mogeneous polyharmonic equation ∆nf = ∆(∆n−1f) = ϕn (ϕn ∈ C(D)), (2)
the boundary conditions ∆n−1f |T = ϕn−1, . . . , ∆1f |T = ϕ1 (ϕj ∈ C(T) for
j ∈ {1, . . . , n− 1} and T denotes the unit circle), and (3) f(0) = 0, where n ≥ 2 is
an integer and K ≥ 1 (K ′ ≥ 0 resp.). The main aim of this paper is to prove that
f is Lipschitz continuous, and, further, it is bi-Lipschitz continuous when ‖ϕj‖∞
are small enough for j ∈ {1, . . . , n}. Moreover, the estimates are asymptotically
sharp as K → 1 (K ′ → 0 resp.) and ‖ϕj‖∞ → 0 for j ∈ {1, . . . , n}, and thus, such
a mapping f behaves almost like a rotation for sufficiently small K (K ′ resp.) and
‖ϕj‖∞ for j ∈ {1, . . . , n}.
1. Preliminaries and main results
Let C ∼= R2 be the complex plane. For a ∈ C and r > 0, let D(a, r) = {z :
|z − a| < r}, the open disk with center a and radius r. For convenience, we use
Dr to denote D(0, r), and D the open unit disk D1. Let T be the unit circle, i.e.,
the boundary ∂D of D and D = D ∪ T. Also, we denote by Cm(D) the set of all
complex-valued m-times continuously differentiable functions from D into C, where
D is a subset of C and m ∈ {0, 1, 2, . . .}. In particular, let C(D) := C0(D), the set
of all continuous functions in D.
For a real 2× 2 matrix A, we use the matrix norm
‖A‖ = sup{|Az| : |z| = 1}
and the matrix function
λ(A) = inf{|Az| : |z| = 1}.
For z = x+ iy ∈ C, the formal derivative of a complex-valued function f = u+ iv
is given by
Df =
(
ux uy
vx vy
)
,
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where x, y ∈ R, and u, v are real-valued functions with partial derivatives. Then,
‖Df‖ = |fz|+ |fz| and λ(Df) =
∣∣|fz| − |fz|∣∣,
where
fz =
∂f
∂z
=
1
2
(
fx − ify
)
and fz =
∂f
∂z
=
1
2
(
fx + ify
)
.
Moreover, we use
Jf := detDf = |fz|2 − |fz|2
to denote the Jacobian of f .
1.1. Bi-Lipschitz continuity of K-quasiconformal self-mappings of D satis-
fying the inhomogeneous polyharmonic equation. A sense-preserving home-
omorphism f from a domain Ω onto Ω′, contained in the Sobolev class W 1,2loc (Ω), is
said to be a K-quasiconformal mapping if, for z ∈ Ω,
‖Df(z)‖2 ≤ K
∣∣ detDf(z)∣∣, i.e., ‖Df(z)‖ ≤ Kλ(Df(z)),
where K ≥ 1 (cf. [1, 31]).
Given a subset Ω of C, a function ψ : Ω→ C is said to be bi-Lipschitz if there is
a constant L ≥ 1 such that for all z1, z2 ∈ Ω,
(1.1)
1
L
|z1 − z2| ≤ |ψ(z1)− ψ(z2)| ≤ L|z1 − z2|.
In particular, ψ is called Lipschitz if the inequality on the right of (1.1) holds, and
ψ is said to be co-Lipschitz if it satisfies the inequality on the left of (1.1).
It is clear that any sense-preserving bi-Lipschitz mapping is quasiconformal map-
ping (cf. [2]). But quasiconformal mappings are not necessarily bi-Lipschitz, not
even Lipschitz (see the Example 1.1).
Example 1.1. Let
f(z) =

z log
α
(
e
|z|2
)
, z ∈ D \ {0},
0, z = 0,
where α ∈ (0, 1/2) is a constant. Then f is a quasiconformal self-homeomorphism
of D. However, f is not Lipschitz at the origin (cf. [29]).
Example 1.2. The mapping f(z) = z log(|z|2) is bi-harmonic (i.e., ∆(∆f) = 0) in
De−2 \ {0} and quasiconformal in De−2 but is not Lipschitz in any neighborhood of
z = 0. The mapping f is not bi-harmonic in 0, since ∆f(z) = 1/z¯. The mapping
f(z) = z log(|z|2) is bi-harmonic in D(ri, r) for small enough positive number r,
and maps D(ri, r) onto a convex Jordan domain Ω with C2 boundary. Thus the
bi-harmonic mapping h(z) = f(r(z + i)) maps D quasiconformally onto the Jordan
domain Ω with ∂Ω ∈ C2, but it is not Lipschitz. So the Lipschitz continuity fails if
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we drop the condition ∆f is continuous up to the boundary. To prove that ∂Ω ∈ C2
we observe first that ∂Ω is rectifiable. Namely by direct computation, we have
|∂Ω| =
∫ 2π
0
∣∣∣∣ ∂∂th(eit)
∣∣∣∣ dt
=
∫ 2
0
πr
√
1 + (1 + log [2r2(1 + sin t)])2 − 2 sin t− 2 sin t log [2r2(1 + sin t)]dt
<∞
and
(1.2)
∂
∂t
h(eit)∣∣ ∂
∂t
h(eit)
∣∣ = 1 + ie
it(1 + log[r(1 + sin t)])
|1 + ieit(1 + log[r(1 + sin t)])| .
Since
∂
∂t
h(eit)∣∣ ∂
∂t
h(eit)
∣∣ = eiϕ(s(t)),
where
s(t) =
∫ t
0
∣∣∣∣ ∂∂τ h(eiτ )
∣∣∣∣ dτ
is the natural parameter, and since the limit of left-hand side in (1.2) tends to −1,
it follows that ϕ is continuous in s = 0, and therefore the function s → h(t(s))
is C1. To show that the curve is C2, we find the curvature of ∂Ω at 0. Namely if
x(t) = Re(h(eit)) and y(t) = Im(h(eit)), then the curvature
κ(t) =
|x¨y˙ − y¨x˙|
(x˙2 + y˙2)3/2
.
Then it can be proved that limt→0 κ(t) = 0. Thus κ is continuous in ∂Ω which means
that the curve is C2.
From the Example 1.2, we conclude that bi-harmonic quasiconformal mappings
between smooth domains are not necessarily Lipschitz. Hence there is a classical
problem which is as follows.
Question 1.3. For K ≥ 1 (K ′ ≥ 0 resp.), what conditions do K-quasiconformal
mappings ((K,K ′)-quasiconformal mappings resp.) satisfy to be bi-Lipschitz contin-
uous? Furthermore, can you find the sharp bi-Lipschitz constants of the bi-Lipschitz
continuous mappings?
Recently, this problem has been attracted much attention. For example, the
Lipschitz continuity of harmonic quasiconformal mappings has been discussed by
many authors (see [22, 24, 30, 36, 40, 42]). The Lipschitz continuity of (K,K ′)-
quasiconformal harmonic mappings (see Section 1.2) has also been investigated in
[7, 26, 48]. On the discussion of the related topic, we refer to [12, 13, 18, 21, 27, 35, 42,
45, 46] and the related references therein. On the study of the Lipschitz characteristic
of quasiconformal mappings satisfying certain elliptic PDEs, see [1, 6, 23, 25, 28, 29].
The main aim of this paper is to investigate the Problem 1.3 for K-quasiconformal
((K,K ′)-quasiconformal resp.) self-mappings of D satisfying the inhomogeneous
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polyharmonic equations. In order to state our main results, we need to recall some
basic definitions and some results which motivate the present work.
For z, ζ ∈ D with z 6= ζ , let
G(z, ζ) =
1
2π
log
∣∣∣∣1− zζz − ζ
∣∣∣∣ and P (z, eit) = 12π 1− |z|
2
|1− ze−it|2
be the Green function and (harmonic) Poisson kernel, respectively, where t ∈ [0, 2π].
Let ϕn ∈ C(D) and f ∈ C2n(D), where n ≥ 2 is an integer. Of particular interest
for our investigation is the following inhomogeneous polyharmonic equation (or n-
harmonic equation):
(1.3) ∆nf = ∆(∆n−1f) = ϕn in D
with the following associated Dirichlet boundary value condition:
(1.4) ∆n−1f |T = ϕn−1, . . . , ∆1f |T = ϕ1, ∆0f |T = ϕ0,
where ∆0f := f ,
∆1f := ∆f =
∂2f
∂x2
+
∂2f
∂y2
= 4fzz
stands for the Laplacian of f , and ϕk ∈ C(T) for k ∈ {0, 1, . . . , n− 1}.
By the iterated Poly-Cauchy integral operators (cf. [3]), we see that all solutions
to the equation (1.3) satisfying (1.4) are given by
(1.5) f(z) = P [ϕ0](z) +
n∑
k=1
(−1)kGk[ϕk](z), z ∈ D,
where
P [ϕ0](z) =
∫ 2π
0
P (z, eit)ϕ0(e
it)dt,
Gk[ϕk](z) =
∫
D
· · ·
∫
D
G(z, ξ1) · · ·G(ξk−1, ξk)(1.6)
×
(∫ 2π
0
P (ξk, e
it)ϕk(e
it)dt
)
dσ(ξk) · · · dσ(ξ1)
for k ∈ {1, . . . , n− 1}, and
Gn[ϕn](z) =
∫
D
· · ·
∫
D
G(z, ζ1) · · ·G(ζn−2, ζn−1)(1.7)
×
(∫
D
G(ζn−1, ζn)ϕn(ζn)dσ(ζn)
)
dσ(ζn−1) · · ·dσ(ζ1).
Here dσ is the Lebesgue area measure in D.
The behavior of solutions to the polyharmonic equations with the different bound-
ary value conditions has attracted much attention of many authors (cf. [4, 11, 14,
Bi-Lipschitz continuity of quasiconformal self-mappings of the unit disk 5
15, 17, 37, 39]). In particular, Borichev and Hedenmalm [4] address the uniqueness
issues associated with the Dirichlet problem for the homogeneous polyharmonic
equation in D. They also find a new structural decomposition of the polyharmonic
functions-the cellular decomposition-which decomposes the polyharmonic weighted
Lp space in a canonical fashion. Motivated by this paper and [28], we will investigate
the sharp bi-Lipschitz inequalities of the uniqueness representation of solutions to
the inhomogeneous polyharmonic equation (1.3) with the boundary condition (1.4).
Our result is as follows.
Theorem 1.4. Let ϕn ∈ C(D) and ϕk ∈ C(T), and let K ≥ 1 be a constant, where
n ≥ 2 and k ∈ {1, . . . , n − 1}. Suppose that f is a K-quasiconformal self-mapping
of D satisfying the inhomogeneous polyharmonic equation (1.3) with ∆n−1f |T =
ϕn−1, . . . , ∆
1f |T = ϕ1 and f(0) = 0. Then, there are nonnegative constants Mj(K)
and Nj(K,ϕ1, · · · , ϕn) (j ∈ {1, 2}) with
lim
K→1
Mj(K) = 1 and lim
‖ϕ1‖∞→0,··· ,‖ϕn‖∞→0
Nj(K,ϕ1, · · · , ϕn) = 0
such that for all z1, z2 ∈ D,(
M1(K)−N1(K,ϕ1, · · · , ϕn)
)|z1 − z2| ≤ |f(z1)− f(z2)|
≤ (M2(K) +N2(K,ϕ1, · · · , ϕn))|z1 − z2|,
where ‖ϕn‖∞ = supz∈D |ϕn(z)| and ‖ϕk‖∞ = supζ∈T |ϕk(ζ)| for k ∈ {1, . . . , n− 1}.
Remark 1.5. For some given functions g1 and g2 defined in D, let
PY(g1) = {f : ∆nf = ∆(∆n−1f) = g1 in D} and P(g2) = {f : ∆f = g2 in D},
where n ≥ 2. Then P(0) ⊂ PY(0). Hence, the polyharmonic equations is essentially
different from the Poisson equations. In this sense, Theorem 1.4 is a generalization
of [28, Theorem 1.2] and [40, Theorem 3.3].
The following is the so-called Mori’s Theorem (cf. [9, 28, 38]). We refer to [10, 34]
for some analogical results of Theorem A in the higher dimensional case.
Theorem A. Suppose that f is a K-quasiconformal self-mapping of D with f(0) =
0. Then, there exists a constant Q(K), satisfying the condition Q(K)→ 1 as K → 1,
such that
|f(z2)− f(z1)| ≤ Q(K)|z2 − z1| 1K ,
where the notation Q(K) means that the constant Q depends only on K.
We remark that in [43] it is proved
(1.8) 1 ≤ Q(K) ≤ 161− 1K min
{(
23
8
)1− 1
K
,
(
1 + 23−2K
) 1
K
}
.
As a direct consequence of Claim 3.8 in the proof of Theorem 1.4, we have the
following result.
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Corollary 1.6. Under the assumptions of Theorem 1.4, if, further,
(Q(K))−2KK−2
2π
∫ 2π
0
|eit − eiθ|2K−2dt >
(
7
6
+
1
2K2
)
‖ϕ1‖∞
+
n∑
j=2
(
47
240
+
1
16K2
)
‖ϕj‖∞
(
3
16
)j−2
,
then f is co-Lipschitz continuous, and so, it is bi-Lipschitz continuous, where Q(K)
is the same as in Theorem A.
By (1.8) and [28, Formula 3.27], we see that
K−2(Q(K))−2K
1
2π
∫ 2π
0
|eit − eiθ|2K−2dt = 2
2K−2Γ
(
K − 1
2
)
√
πK2(K − 1)Γ(K − 1)(Q(K))2K
≥ 1
K2(Q(K))2K
≥ 1
K2462K−2
,
which gives the following result, where Γ is the Gamma function.
Corollary 1.7. Under the assumptions of Theorem 1.4, if, further,
1
K2462K−2
>
(
7
6
+
1
2K2
)
‖ϕ1‖∞ +
n∑
j=2
(
47
240
+
1
16K2
)
‖ϕj‖∞
(
3
16
)j−2
,
then f is co-Lipschitz continuous, and so, it is bi-Lipschitz continuous.
By the discussions in Step 3 of the proof of Theorem 1.4 in Section 3 or by
Corollary 1.6, we see that the co-Lipschitz continuity coefficient
M1(K)−N1(K,ϕ1, · · · , ϕn)
is positive for small enough norms ‖ϕk‖∞, where k ∈ {1, . . . , n}. The following
example (Example 1.8) shows that the condition for f to be co-Lipschtz continuous
cannot be replaced by the one that ϕk are arbitrary, where k ∈ {1, . . . , n}.
Example 1.8. For z ∈ D, let
ϕn(z) = β
(
n∏
j=1
(τ − 2j + 4)
)(
n∏
j=1
(τ − 2j + 2)
)
z
τ
2
−n+1z
τ
2
−n,
where τ > 2n − 1 and β are constants with n ≥ 2 and |β| = 1. Suppose that f
satisfies the following polyharmonic equation
(1.9) ∆nf(z) = ∆(∆n−1f(z)) = ϕn(z), z ∈ D,
with the following associated Dirichlet boundary value condition:
∆kf(ξ) = ϕk(ξ) and f(ξ) = ϕ0(ξ), ξ ∈ T,
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where ϕ0(ξ) = βξ, and for k ∈ {1, . . . , n− 1},
ϕk(ξ) = β
(
k∏
j=1
(τ − 2j + 4)
)(
k∏
j=1
(τ − 2j + 2)
)
ξ.
It follows from (1.5) that
f(z) = β|z|τz, z ∈ D,
is the solution to (1.9). Obviously, f is a K-quasiconformal self-mapping of D with
f(0) = 0 and K = 1 + τ . Furthermore,
‖ϕn‖∞ =
(
n∏
j=1
(τ − 2j + 4)
)(
n∏
j=1
(τ − 2j + 2)
)
,
and for k ∈ {1, . . . , n− 1},
‖ϕk‖∞ =
(
k∏
j=1
(τ − 2j + 4)
)(
k∏
j=1
(τ − 2j + 2)
)
and ‖ϕ0‖∞ = 1.
However, f is not co-Lipschitz continuous because
λ(Df(0)) = |fz(0)| − |fz(0)| = 0.
By applying Corollary 1.7, we illustrate the possibility of f to be bi-Lipschitz
continuous by the following example.
Example 1.9. Suppose that f satisfies the following bi-harmonic equation
(1.10) ∆(∆f(z)) = −16
15
, z ∈ D,
with the following associated Dirichlet boundary value condition:
∆f(ξ) = −1
5
and f(ξ) = ξ, ξ ∈ T.
By (1.5), we see that
f(z) = z +
1
60
(|z|2 − |z|4), z ∈ D,
is the solution to (1.10). It is not difficult to know that f is a K-quasiconformal
self-mapping of D with
K = max
z∈D
{ |1 + z(1− 2|z|2)M |+ |Mz(1 − 2|z|2)|
|1 + z(1− 2|z|2)M | − |Mz(1 − 2|z|2)|
}
=
30
29
,
where M = 1
60
. Since elementary computations lead to
1
K2462(K−1)
=
292
30246
2
29
> 0.717,
(
7
6
+
1
2K2
)
‖ϕ1‖∞ < 0.326
and (
47
240
+
1
16K2
)
‖ϕ2‖∞ < 0.271,
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we see that
1
K2462K−2
>
(
7
6
+
1
2K2
)
‖ϕ1‖∞ +
(
47
240
+
1
16K2
)
‖ϕ2‖∞,
where ‖ϕ1‖∞ = 15 and ‖ϕ2‖∞ = 1615 . Now, it follows from Corollary 1.7 that f is
co-Lipschitz continuous, and so, it is bi-Lipschitz continuous.
1.2. Bi-Lipschitz continuity of (K,K ′)-quasiconformal self-mappings of D
satisfying the inhomogeneous polyharmonic equation. A sense-preserving
homeomorphism
f : Ω1 → Ω2,
where Ω1 and Ω2 are subdomains of C, is said to be a (K,K
′)-quasiconformal map-
ping if f is absolutely continuous on lines in Ω1, and there are constants K ≥ 1 and
K ′ ≥ 0 such that
‖Df(z)‖2 ≤ KJf(z) +K ′, z ∈ Ω1.
In particular, if K ′ = 0, then f is a K-quasiconformal mapping (cf. [26]).
The second aim of this paper is to study the the asymptotically sharp bi-Lipschitz
inequalities of (K,K ′)-quasiconformal self-mapping of D satisfying the inhomoge-
neous polyharmonic equation (1.3) with the boundary condition (1.4). It is read as
follows.
Theorem 1.10. Let ϕ0 be a sense-preserving homeomorphism of T onto itself. For
n ≥ 2 and k ∈ {1, . . . , n − 1}, let ϕn ∈ C(D) and ϕk ∈ C(T), and let K ≥ 1
and K ′ ≥ 0 be constants. Suppose that f is a (K,K ′)-quasiconformal self-mapping
of D satisfying the inhomogeneous polyharmonic equation (1.3) with the Dirichlet
boundary value condition (1.4).
(a) If |P [ϕ0](0)| +
√
K ′ + 2K
(
1
3
‖ϕ1‖∞ + 115
∑n
k=2
(
3
16
)k−2 ‖ϕk‖∞) < 2π , then f
is bi-Lipschitz continuous in D.
(b) If P [ϕ0](0) = 0 and
√
K ′ + 2K
(
1
3
‖ϕ1‖∞ + 115
∑n
k=2
(
3
16
)k−2 ‖ϕk‖∞) < 2π ,
then, there are nonnegative constants Mj(K,K
′) and Nj(K,ϕ1, · · · , ϕn) (j ∈
{3, 4}) with
lim
K→1,K ′→0
Mj(K,K
′) = 1, lim
‖ϕ1‖∞→0,··· ,‖ϕn‖∞→0
Nj(K,ϕ1, · · · , ϕn) = 0
and M4(K,K
′)−N4(K,ϕ1, · · · , ϕn) > 0 such that for all z1, z2 ∈ D,(
M4(K,K
′) − N4(K,ϕ1, · · · , ϕn)
)|z1 − z2| ≤ |f(z1)− f(z2)|
≤ (M3(K,K ′) +N3(K,ϕ1, · · · , ϕn))|z1 − z2|.
We remark that Theorem 1.10 is a generalization of [40, Theorem 3.3]. Moreover,
if n = 2, then Theorem 1.10 is also an improvement of [48, Theorem 1.2].
1.3. Lipschitz continuity with respect to some certain boundary condi-
tions. We recall that the (periodic) Hilbert transformation of a 2π−periodic func-
tion Ψ ∈ L1(T) is defined by
H(Ψ)(θ) = −1
π
∫ π
0
Ψ(θ + t)−Ψ(θ + t)
2 tan(t/2)
dt.
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It is well known that the Lipschitz continuity of ϕ in T is not enough to guaran-
tee that its harmonic extension P [ϕ] is also Lipschitz continuous. In fact, P [ϕ] is
Lipschitz continuous if and only if the Hilbert transform of dϕ(eiθ)/dθ ∈ L∞(T)
(cf. [5, 49]). The last aim of this paper is to investigate the Lipschitz continuity of
solutions to the inhomogeneous polyharmonic equation (1.3) satisfying some certain
boundary conditions.
Theorem 1.11. For n ≥ 2 and k ∈ {1, . . . , n−1}, let ϕn ∈ C(D) and ϕk ∈ C(T), and
let ϕ0 ∈ C(T) be differentiable. Suppose that f is a solution to the inhomogeneous
polyharmonic equation (1.3) satisfying ∆n−1f |T = ϕn−1, . . . , ∆1f |T = ϕ1, ∆0f |T =
ϕ0. Then f is Lipschitz continuous in D if and only if the Hilbert transform of
dϕ0(e
iθ)/dθ ∈ L∞(T).
We will prove several auxiliary results in Section 2. The proof of Theorem 1.4
will be presented in Section 3. Theorems 1.10 and 1.11 will be proved in Sections 4
and 5, respectively.
2. Some auxiliary results
In this section, we shall prove several lemmas which will be used later on. The
first lemma is as follows.
Lemma 2.1. Let G be the Green function. Then, for z ∈ D,
(2.1)
∫
D
|G(z, ζ)|dσ(ζ) = 1− |z|
2
4
and
(2.2)
∫
D
(1− |ζ |2)|G(z, ζ)|dσ(ζ) = (1− |z|
2)(3− |z|2)
16
≤ 3(1− |z|
2)
16
.
Theorem B. (cf. [33]) For z ∈ D, we have
1
2π
∫ 2π
0
dθ
|1− zeiθ|2α =
∞∑
k=0
(
Γ(k + α)
k!Γ(α)
)2
|z|2k,
where α > 0.
Proof of Lemma 2.1. We first prove (2.1). Let
(2.3) w =
z − ζ
1− zζ = re
it,
where r ∈ [0, 1) and t ∈ [0, 2π]. Since Theorem B implies
(2.4)
1
2π
∫ 2π
0
dt
|1− zreit|4 =
∞∑
j=0
(j + 1)2|z|2jr2j,
by (2.3), we obtain∫
D
|G(z, ζ)|dσ(ζ) = 1
2π
∫
D
(
log
1
|w|
)
(1− |z|2)2
|1− zw|4 dσ(w) =
(1− |z|2)
4
.
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Now we show that (2.2). For z ∈ D, let
I1(z) =
∫
D
(1− |ζ |2)|G(z, ζ)|dσ(ζ).
By Theorem B, we have
1
2π
∫ 2π
0
dt
|1− zreit|6 =
∞∑
j=0
(j + 1)2(j + 2)2
4
|z|2jr2j,
which, together with
1− |ζ |2 = (1− |w|
2)(1− |z|2)
|1− zw|2 ,
implies that
I1(z) =
1
2π
∫
D
(1− |w|2)(1− |z|2)3
|1− zw|6 log
1
|w|dσ(w)
= (1− |z|2)3
∫ 1
0
(1− r2)r log 1
r
(
1
2π
∫ 2π
0
dt
|1− zreit|6
)
dr
=
(1− |z|2)(3− |z|2)
16
.
The proof of this lemma is complete. 
Lemma 2.2. For z ∈ D,
(2.5)
1
2π
∫
D
(1− |ς|2)2
|1− zς ||z − ς|dσ(ς) ≤
4(2− |z|2)
15
.
In particular, the inequality (2.5) is sharp at z = 0.
Proof. Let
η =
z − ς
1− zς = ρe
iθ.
Then
(2.6) 1− zς = 1− |z|
2
1− zη and 1− |ς|
2 =
(1− |η|2)(1− |z|2)
|1− zη|2 .
By Theorem B, we obtain
1
2π
∫
D
(1− |η|2)2
|η||1− zη|6dσ(η) =
∫ 1
0
(1− ρ2)2
(
1
2π
∫ 2π
0
dθ
|1− zρeiθ|6
)
dρ(2.7)
=
∞∑
j=0
(j + 1)2(j + 2)2
4
|z|2j
∫ 1
0
(1− ρ2)2ρ2jdρ
=
∞∑
j=0
(j + 1)2(j + 2)2(
2j + 1
)(
2j + 3
)(
j + 5
2
) |z|2j .
Bi-Lipschitz continuity of quasiconformal self-mappings of the unit disk 11
By computation, we have
(2.8)
(j + 1)2(j + 2)2(
2j + 1
)(
2j + 3
)(
j + 5
2
) ≤ 4
15
(j + 2).
It follows from (2.6), (2.7) and (2.8) that
1
2π
∫
D
(1− |ς|2)2
|1− zς ||z − ς|dσ(ς) =
(1− |z|2)2
2π
∫
D
(1− |η|2)2
|η||1− zη|6dσ(η)
= (1− |z|2)2
∞∑
j=0
(j + 1)2(j + 2)2(
2j + 1
)(
2j + 3
)(
j + 5
2
) |z|2j
≤ 4(1− |z|
2)2
15
∞∑
j=0
(j + 2)|z|2j
=
4(2− |z|2)
15
.
The proof of this lemma is finished. 
Lemma 2.3. Let P be the Poisson kernel and θ ∈ [0, 2π]. Then∫
D
P (ζ, eiθ)(1− |ζ |2)dσ(ζ) = 1
4
.
Proof. Let ζ = ̺eit. By Theorem B, we have
1
2π
∫ 2π
0
dt
|1− ̺eite−iθ|2 =
1
1− ̺2 ,
which gives that∫
D
P (ζ, eiθ)(1− |ζ |2)dσ(ζ) =
∫ 1
0
(1− ̺2)2̺
[
1
2π
∫ 2π
0
dt
|1− ̺eite−iθ|2
]
d̺
=
1
4
.

Lemma 2.4. Suppose that ϕk ∈ C(T) and Gk[ϕk] are defined in (1.6), where k ∈
{1, . . . , n− 1} and n ≥ 2. Then, the following statements hold:
(1) For z ∈ D,
max
{∣∣∣∣ ∂∂zGk[ϕk](z)
∣∣∣∣ ,
∣∣∣∣ ∂∂zGk[ϕk](z)
∣∣∣∣
}
≤ νk(z),
where
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νk(z) =


1
3
‖ϕ1‖∞, if k = 1,
‖ϕk‖∞
(
3
16
)k−2
(2− |z|2)
30
, if 2 ≤ k ≤ n− 1.
(2) Both ∂
∂z
Gk[ϕk] and
∂
∂z
Gk[ϕk] have continuous extensions to the boundary, and
further, for θ ∈ [0, 2π],
max
{∣∣∣∣ ∂∂zGk[ϕk](eiθ)
∣∣∣∣ ,
∣∣∣∣ ∂∂zGk[ϕk](eiθ)
∣∣∣∣
}
≤ ν∗k(eiθ),
where
ν∗k(e
iθ) =


1
4
‖ϕ1‖∞, if k = 1,
1
32
(
3
16
)k−2
‖ϕk‖∞, if 2 ≤ k ≤ n− 1.
Proof. In order to prove the first statement of this Lemma, we only need to prove
the following inequality ∣∣∣∣ ∂∂zGk[ϕk](z)
∣∣∣∣ ≤ νk(z)
because the proof of the other one is similar, where νk is defined in the first statement
of this Lemma. For this, let
I2(z) =
∫
D
· · ·
∫
D
∣∣∣∣ ∂∂zG(z, ξ1)
∣∣∣∣ · · · |G(ξk−1, ξk)|
×
∣∣∣∣
∫ 2π
0
P (ξk, e
it)ϕk(e
it)dt
∣∣∣∣ dσ(ξk) · · ·dσ(ξ1).
Case 1. k = 1.
Then, by [28, Lemma 2.7], we have
I2(z) =
∫
D
∣∣∣∣ ∂∂zG(z, ξ1)
∣∣∣∣
∣∣∣∣
∫ 2π
0
P (ξ1, e
it)ϕ1(e
it)dt
∣∣∣∣ dσ(ξ1) ≤ 13‖ϕ1‖∞,
which, together with [28, Proposition 2.4] (see also [44]), gives that
∣∣∣∣ ∂∂zG1[ϕ1](z)
∣∣∣∣ =
∣∣∣∣
∫
D
∂
∂z
G(z, ξ1)
(∫ 2π
0
P (ξ1, e
it)ϕ1(e
it)dt
)
dσ(ξ1)
∣∣∣∣
≤ I2(z) ≤ 1
3
‖ϕ1‖∞.
Case 2. 2 ≤ k = n− 1.
Let
A1 =
∫
D
∫
D
|G(ξk−2, ξk−1)||G(ξk−1, ξk)|
∣∣∣∣
∫ 2π
0
P (ξk, e
it)ϕk(e
it)dt
∣∣∣∣ dσ(ξk)dσ(ξk−1).
It follows from Lemma 2.1 that
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A1 ≤ ‖ϕk‖∞
∫
D
∫
D
|G(ξk−2, ξk−1)||G(ξk−1, ξk)|dσ(ξk)dσ(ξk−1)
=
‖ϕk‖∞
4
∫
D
|G(ξk−2, ξk−1)|(1− |ξk−1|2)dσ(ξk−1)
≤ 3(1− |ξk−2|
2)
64
‖ϕk‖∞,
which, together with Lemma 2.2, implies that
I2(z) ≤ 3‖ϕk‖∞
64
∫
D
· · ·
∫
D
∣∣∣∣ ∂∂zG(z, ξ1)
∣∣∣∣ |G(ξ1, ξ2)| · · ·(2.9)
×|G(ξk−3, ξk−2)|(1− |ξk−2|2)dσ(ξk−2) · · · dσ(ξ1)
≤ ‖ϕk‖∞
4
(
3
16
)k−2 ∫
D
(1− |ξ1|2)
∣∣∣∣ ∂∂zG(z, ξ1)
∣∣∣∣ dσ(ξ1)
=
‖ϕk‖∞
16π
(
3
16
)k−2 ∫
D
(1− |ξ1|2)2
|1− zξ1||z − ξ1|
dσ(ξ1)
≤ ‖ϕk‖∞
(
3
16
)k−2
(2− |z|2)
30
.
By (2.9) and [28, Proposition 2.4] (see also [44]), we conclude that
∣∣∣∣ ∂∂zGk[ϕk](z)
∣∣∣∣ =
∣∣∣∣
∫
D
· · ·
∫
D
∂
∂z
G(z, ξ1)G(ξ1, ξ2) · · ·G(ξk−1, ξk)
×
(∫ 2π
0
P (ξk, e
it)ϕk(e
it)dt
)
dσ(ξk) · · ·dσ(ξ1)
∣∣∣∣
≤ I2(z) ≤ ‖ϕk‖∞
(
3
16
)k−2
(2− |z|2)
30
.
Now we prove the second statement of this Lemma. In order to show this state-
ment, we use the Vitali theorem (see [16, Theorem 26.C]) which asserts that if Ω is
a measurable space with finite measure µ and that Fn : Ω → C is a sequence of
functions such that
lim
n→∞
Fn(x) = F(x) a.e. and sup
n≥1
∫
Ω
|Fn|qdµ <∞ for some q > 1,
then
lim
n→∞
∫
Ω
Fndµ =
∫
Ω
Fdµ.
Let
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A2 =
∫
D
(∣∣∣∣ ∂∂zG(z, ξ1)
∣∣∣∣
3
2
∣∣∣∣
∫
D
(
G(ξ1, ξ2) · · ·
∫
D
(
G(ξk−1, ξk)
×
(∫ 2π
0
P (ξk, e
it)ϕk(e
it)dt
))
dσ(ξk) · · ·
)
dσ(ξ2)
∣∣∣∣
3
2
)
dσ(ξ1),
where k ∈ {1, . . . , n− 1}. In order to estimate A2, we let
(2.10) η1 =
z − ξ1
1− zξ1 = r1e
iθ1 ,
where r1 ∈ [0, 1) and t ∈ [0, 2π]. Since∫ 1
0
r
2j− 1
2
1 (1− r21)
3
2dr1 =
3(
2j + 5
2
)(
2j + 1
2
) ∫ 1
0
x2j+
5
2
(1− x2) 12 dx
=
3(
2j + 5
2
)(
2j + 1
2
) ∫ π2
0
(sin t)2j+
5
2 dt
≤ 3(
2j + 5
2
)(
2j + 1
2
) ∫ π2
0
(sin t)2j+2 dt
=
3π
2
(
2j + 5
2
)(
2j + 1
2
) · (2j + 1)!!
(2j + 2)!!
,
we see that
∞∑
j=0
(j + 1)2|z|2j
∫ 1
0
r
2j− 1
2
1 (1− r21)
3
2dr1 ≤ 6π
5
∞∑
j=0
(2j + 1)!!
(2j + 2)!!
|z|2j
<
6π
5
(
1 +
∞∑
j=1
(2j − 1)!!
(2j)!!
|z|2j
)
=
6π
5
1
(1− |z|2) 12 ,
which, together with (2.10) and Theorem B, yield that
∫
D
∣∣∣∣ ∂∂zG(z, ξ1)
∣∣∣∣
3
2
dσ(ξ1) =
1
2π
∫
D
(1− |η1|2) 32 (1− |z|2) 12
|η1| 32 |1− zη1|4
dσ(η1)(2.11)
= (1− |z|2) 12
∞∑
j=0
(j + 1)2|z|2j
×
∫ 1
0
r
2j− 1
2
1 (1− r21)
3
2dr1 <
6π
5
.
It follows from (2.1) and (2.11) that
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A2 ≤ ‖ϕk‖
3
2
∞
∫
D
(∣∣∣∣ ∂∂zG(z, ξ1)
∣∣∣∣
3
2
×
(∫
D
(
|G(ξ1, ξ2)| · · ·
∫
D
|G(ξk−1, ξk)|dσ(ξk) · · ·
)
dσ(ξ2)
) 3
2
)
dσ(ξ1)
≤ ‖ϕk‖
3
2
∞
(
1
4
) 3(k−1)
2
∫
D
∣∣∣∣ ∂∂zG(z, ξ1)
∣∣∣∣
3
2
dσ(ξ1)
≤ 5‖ϕk‖
3
2
∞π
6
(
1
8
)k−1
<∞.
Therefore, by the Vitali theorem, we conclude that ∂
∂z
Gk[ϕk] has continuous exten-
sion to the boundary, and further, by [28, Lemma 2.7],∣∣∣∣ ∂∂zG1[ϕ1](eiθ)
∣∣∣∣ ≤ 14‖ϕ1‖∞,
where θ ∈ [0, 2π].
For 2 ≤ k = n− 1, by Lemmas 2.1 and 2.3, we have
∣∣∣∣ ∂∂zGk[ϕk](eiθ)
∣∣∣∣ =
∣∣∣∣
∫
D
· · ·
∫
D
∂
∂z
G(eiθ, ξ1)G(ξ1, ξ2) · · ·G(ξk−1, ξk)
×
(∫ 2π
0
P (ξk, e
it)ϕk(e
it)dt
)
dσ(ξk) · · ·dσ(ξ1)
∣∣∣∣
≤ 1
4
(
3
16
)k−2
‖ϕk‖∞
∫
D
∣∣∣∣ ∂∂zG(eiθ, ξ1)
∣∣∣∣ (1− |ξ1|2)dσ(ξ1)
=
1
32
(
3
16
)k−2
‖ϕk‖∞.
Similarly, we can show that ∂
∂z
Gk[ϕk] has continuous extension to the boundary,
and for θ ∈ [0, 2π], ∣∣∣∣ ∂∂zGk[ϕk](eiθ)
∣∣∣∣ ≤ ν∗k(eiθ),
where k ∈ {1, . . . , n− 1}. The proof of this lemma is complete. 
Lemma 2.5. Suppose ϕn ∈ C(D) and Gn[ϕn] is defined in (1.7). Then, the following
statements hold:
(1) For z ∈ D,
max
{∣∣∣∣ ∂∂zGn[ϕn](z)
∣∣∣∣ ,
∣∣∣∣ ∂∂zGn[ϕn](z)
∣∣∣∣
}
≤ ‖ϕn‖∞
(
3
16
)n−2
(2− |z|2)
30
.
(2) Both ∂
∂z
Gn[ϕn] and
∂
∂z
Gn[ϕn] have continuous extensions to the boundary, and
further, for θ ∈ [0, 2π],
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max
{∣∣∣∣ ∂∂zGn[ϕn](eiθ)
∣∣∣∣ ,
∣∣∣∣ ∂∂zGn[ϕn](eiθ)
∣∣∣∣
}
≤ 1
32
(
3
16
)n−2
‖ϕn‖∞.
Proof. To prove the first statement, we only need to prove the inequality:
∣∣∣∣ ∂∂zGn[ϕn](z)
∣∣∣∣ ≤ ‖ϕn‖∞
(
3
16
)n−2
(2− |z|2)
30
, z ∈ D,
because the proof to the other one is similar. For this, let
I3(z) =
∫
D
· · ·
∫
D
∣∣∣∣ ∂∂zG(z, ζ1)
∣∣∣∣ |G(ζ1, ζ2)| · · · |G(ζn−2, ζn−1)|
×
∣∣∣∣
∫
D
G(ζn−1, ζn)ϕn(ζn)dσ(ζn)
∣∣∣∣ dσ(ζn−1) · · ·dσ(ζ1).
By calculation, we have∣∣∣∣
∫
D
G(ζn−1, ζn)ϕn(ζn)dσ(ζn)
∣∣∣∣ ≤ ‖ϕn‖∞
∫
D
|G(ζn−1, ζn)|dσ(ζn)(2.12)
=
‖ϕn‖∞(1− |ζn−1|2)
4
.
By (2.12), Lemmas 2.1 and 2.2, we see that
I3(z) ≤ ‖ϕn‖∞
4
∫
D
· · ·
∫
D
∣∣∣∣ ∂∂zG(z, ζ1)
∣∣∣∣ |G(ζ1, ζ2)| · · · |G(ζn−2, ζn−1)|
×(1− |ζn−1|2)dσ(ζn−1) · · ·dσ(ζ1)
≤ ‖ϕn‖∞
16π
(
3
16
)n−2 ∫
D
(1− |ζ1|2)2
|1− zζ1||z − ζ1|
dσ(ζ1)
≤ ‖ϕn‖∞
(
3
16
)n−2
(2− |z|2)
30
,
which, together with [28, Proposition 2.4] (see also [44]), yields that∣∣∣∣ ∂∂zGn[ϕn](z)
∣∣∣∣ =
∣∣∣∣
∫
D
· · ·
∫
D
∂
∂z
G(z, ζ1) · · ·G(ζn−2, ζn−1)(2.13)
×
[∫
D
G(ζn−1, ζn)ϕn(ζn)dσ(ζn)
]
dσ(ζn−1) · · · dσ(ζ1)
∣∣∣∣
≤ I3 ≤ ‖ϕn‖∞
(
3
16
)n−2
(2− |z|2)
30
.
Next, we prove the second part of this Lemma. Set
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A3 =
∫
D
(∣∣∣∣ ∂∂zG(z, ζ1)
∣∣∣∣
3
2
∣∣∣∣
∫
D
(
G(ζ1, ζ2) · · ·
∫
D
(
G(ζn−2, ζn−1)
×
(∫
D
G(ζn−1, ζn)ϕn(ζn)dσ(ζn)
))
dσ(ζn−1) · · ·
)
dσ(ζ2)
∣∣∣∣
3
2
)
dσ(ζ1).
Then by (2.11) and Lemma 2.1 (2.1), we get
A3 ≤ ‖ϕn‖
3
2
∞
8
∫
D
(∣∣∣∣ ∂∂zG(z, ζ1)
∣∣∣∣
3
2
∣∣∣∣
∫
D
(
G(ζ1, ζ2) · · ·
∫
D
(
G(ζn−2, ζn−1)
×(1− |ζn−1|2)
)
dσ(ζn−1) · · ·
)
dσ(ζ2)
∣∣∣∣
3
2
)
dσ(ζ1)
≤ ‖ϕn‖
3
2
∞
(
1
8
)n−1 ∫
D
∣∣∣∣ ∂∂zG(z, ζ1)
∣∣∣∣
3
2
dσ(ζ1)
≤ 6π
5
(
1
8
)n−1
‖ϕn‖
3
2
∞ <∞.
Hence, by the Vitali theorem, we see that ∂
∂z
Gn[ϕn] has continuous extension to the
boundary, and further, by Lemmas 2.1 and 2.3, we have
∣∣∣∣ ∂∂zGn[ϕn](eiθ)
∣∣∣∣ =
∣∣∣∣
∫
D
· · ·
∫
D
∂
∂z
G(eiθ, ζ1)G(ζ1, ζ2) · · ·G(ζn−1, ζn)
×
(∫
D
G(ζn−1, ζn)ϕn(ζn)dσ(ζn)
)
dσ(ζn−1) · · · dσ(ζ1)
∣∣∣∣
≤ 1
4
(
3
16
)n−2
‖ϕn‖∞
∫
D
∣∣∣∣ ∂∂zG(eiθ, ζ1)
∣∣∣∣ (1− |ζ1|2)dσ(ζ1)
=
1
32
(
3
16
)n−2
‖ϕn‖∞,
where θ ∈ [0, 2π].
Similarly, we can prove that ∂
∂z
Gn[ϕn] has continuous extension to the boundary,
and for θ ∈ [0, 2π], ∣∣∣∣ ∂∂zGn[ϕn](eiθ)
∣∣∣∣ ≤ ‖ϕn‖∞32
(
3
16
)n−2
.
The proof of this lemma is finished. 
Lemma 2.6. For ϕk ∈ C(T) and ϕn ∈ C(D), suppose that f is a sense-preserving
homeomorphism from D onto itself satisfying (1.3) and the boundary conditions
∆n−1f |T = ϕn−1, . . . , ∆1f |T = ϕ1, and suppose that f is Lipschitz continuous
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in D, where n ≥ 2 and k ∈ {1, . . . , n − 1}. Then, for almost every eiθ ∈ T, the
following limits exist:
(2.14) Df(e
iθ) := lim
z→eiθ,z∈D
Df(z) and Jf(e
iθ) := lim
z→eiθ,z∈D
Jf(z).
Further, we have
Jf(e
iθ) ≤ γ
′(θ)
2π
∫ 2π
0
|f(eit)− f(eiθ)|2
|eit − eiθ|2 dt+
γ′(θ)‖ϕ1‖∞
2
(2.15)
+γ′(θ)
n∑
k=2
‖ϕk‖∞
16
(
3
16
)k−2
and
Jf (e
iθ) ≥ γ
′(θ)
2π
∫ 2π
0
|f(eit)− f(eiθ)|2
|eit − eiθ|2 dt−
γ′(θ)‖ϕ1‖∞
2
(2.16)
−γ′(θ)
n∑
k=2
‖ϕk‖∞
16
(
3
16
)k−2
,
where f(eiθ) = eiγ(θ) and γ(θ) is a real-valued function in [0, 2π].
Before the proof of Lemma 2.6, let us recall the following result (cf. [28, Lemma
2.1]).
Theorem C. Suppose that f is a harmonic mapping defined in D and its formal
derivative Df is bounded in D (or equivalently, according to Rademacher’s theorem,
suppose that f itself is Lipschitz continuous in D). Then, there exists a mapping
A ∈ L∞(T) such that Df(z) = P [A](z) and for almost every eiθ ∈ T,
lim
r→1−
Df (re
iθ) = A(eiθ).
Moreover, the function F (eiθ) := f(eiθ) is differentiable almost everywhere in
[0, 2π] and
A(eiθ)ieiθ =
∂
∂θ
F (eiθ).
Proof of Lemma 2.6. We first prove the existence of the two limits in (2.14). By
Lemmas 2.4 and 2.5, we get that for any eiθ ∈ D,
(2.17) lim
z→eiθ,z∈D
DGk[ϕk](z) = DGk[ϕk](e
iθ),
where k ∈ {1, 2, . . . , n}.
Again, by Lemmas 2.4 and 2.5, we know that ‖DGk[ϕk]‖ is bounded, which implies
the Lipschitz continuity of Gk[ϕk] in D. Since f is Lipschitz continuous in D, we see
that ‖Df‖ is bounded in D. Thus, it follows from (1.5) that
P [ϕ0] = f −
n∑
k=1
(−1)kGk[ϕk]
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is also Lipschitz continuous in D, where ϕ0 = f |T. Now, we conclude from Theorem
C that for almost every eiθ ∈ T,
lim
z→eiθ,z∈D
DP [ϕ0](z)
does exist, which, together with (1.5) and (2.17), guarantees that for almost every
θ ∈ [0, 2π],
lim
z→eiθ,z∈D
Df (z)
also exists.
Since
Jf(z) = detDf (z),
obviously, we see that
lim
z→eiθ,z∈D
Jf(z)
exists for almost every θ ∈ [0, 2π].
Next, we demonstrate the estimates in (2.15) and (2.16). For convenience, in the
rest of the proof of the lemma, let
Df (e
iθ) = lim
z→eiθ,z∈D
Df (z) and Jf(e
iθ) = lim
z→eiθ,z∈D
Jf(z).
By Lebesgue Dominated Convergence Theorem, the boundedness of ‖Df‖, and
by letting z = reiθ ∈ D, we see that for any fixed θ0 ∈ [0, 2π],
f(eiθ) = lim
r→1−
f(reiθ) = lim
r→1−
∫ θ
θ0
∂
∂t
f(reit)dt+ f(eiθ0)(2.18)
=
∫ θ
θ0
lim
r→1−
[
ir
(
fz(re
it)eit − fz(reit)e−it
)]
dt + f(eiθ0),
which implies that f(eiθ) is absolutely continuous. Let γ(θ) be a real-valued function
in [0, 2π] such that
eiγ(θ) = f(eiθ).
Then,
(2.19) f ′(eiθ) = iγ′(θ)eiγ(θ)
holds almost everywhere in [0, 2π].
Since
Jf (re
iθ) = |fz(reiθ)|2 − |fz(reiθ)|2 = −Re
(
∂f
∂r
i
r
∂f
∂θ
)
,
we infer from (2.19) that
Jf (e
iθ) = lim
r→1−
Jf(re
iθ) = − lim
r→1−
Re
(
∂f
∂r
i
r
∂f
∂θ
)
= χ0 −
n∑
k=1
(−1)kχk,(2.20)
where
χ0 = lim
r→1−
Re
(
f(eiθ)− P [ϕ0](reiθ)
1− r · γ
′(θ)f(eiθ)
)
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and
χk = lim
r→1−
Re
(
Gk[ϕk](reiθ)
1− r · γ
′(θ)f(eiθ)
)
.
Now, we are going to prove (2.15) and (2.16) by estimating the quantities |χ0|
and |χk|, respectively, where k ∈ {1, 2, . . . , n}. We start with the estimate of |χ0|.
Since
Re〈f(eiθ), f(eiθ)− f(eit)〉 = Re[f(eiθ)(f(eiθ)− f(eit))] = 1
2
|f(eit)− f(eiθ)|2
and
χ0 = lim
r→1−
Re
(
1
2π
∫ 2π
0
1 + r
|1− rei(θ−t)|2 〈γ
′(θ)f(eiθ), f(eiθ)− f(eit)〉 dt
)
,
where 〈·, ·〉 denotes the inner product, it follows that
(2.21) χ0 = γ
′(θ)
1
2π
∫ 2π
0
|f(eit)− f(eiθ)|2
|eit − eiθ|2 dt.
Next, we estimate |χk| for k ∈ {1, 2, . . . , n}. Since
(2.22) lim
z→eiθ,z∈D
G(z, ξ1)
1− |z| = limz→eiθ,z∈D
G(z, ξ1)−G(eiθ, ξ1)
1− |z| = P (ξ1, e
iθ),
we deduce that
lim
z→eiθ,z∈D
Gk[ϕk](z)
1− |z| = limz→eiθ,z∈D
∫
D
· · ·
∫
D
G(z, ξ1)
1− |z| G(ξ1, ξ2) · · ·G(ξk−1, ξk)(2.23)
×
[∫ 2π
0
P (ξk, e
it)ϕk(e
it)dt
]
dσ(ξk) · · ·dσ(ξ1)
=
∫
D
· · ·
∫
D
P (ξ1, e
iθ)G(ξ1, ξ2) · · ·G(ξk−1, ξk)
×
[∫ 2π
0
P (ξk, e
it)ϕk(e
it)dt
]
dσ(ξk) · · ·dσ(ξ1),
where k ∈ {1, 2, . . . , n− 1}.
Case 1. 2 ≤ k ≤ n− 1.
It follows from (2.23), Lemmas 2.1 and 2.3 that
|χk| ≤ γ′(θ)‖ϕk‖∞
∫
D
· · ·
∫
D
P (ξ1, e
iθ)|G(ξ1, ξ2)| · · ·(2.24)
|G(ξk−1, ξk)|dσ(ξk) · · ·dσ(ξ1)
≤ γ
′(θ)‖ϕk‖∞
4
(
3
16
)k−2 ∫
D
P (ξ1, e
iθ)(1− |ξ1|2)dσ(ξ1)
=
γ′(θ)‖ϕk‖∞
16
(
3
16
)k−2
.
Case 2. k = 1.
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By (2.23), we get
(2.25) |χ1| ≤ γ′(θ)‖ϕ1‖∞
∫
D
P (ξ1, e
iθ)dσ(ξ1) =
γ′(θ)‖ϕ1‖∞
2
.
At last, we estimate |χn|. By (2.22), Lemmas 2.1 and 2.3, we obtain
|χn| ≤ γ′(θ)
∫
D
· · ·
∫
D
P (ζ1, e
iθ)|G(ζ1, ζ2)| · · · |G(ζn−2, ζn−1)|(2.26)
×
∣∣∣∣
∫
D
G(ζn−1, ζn)ϕn(ζn)dσ(ζn)
∣∣∣∣ dσ(ζn−1) · · ·dσ(ζ1)
≤ γ′(θ)‖ϕn‖∞
∫
D
· · ·
∫
D
P (ζ1, e
iθ)|G(ζ1, ζ2)| · · ·
|G(ζn−1, ζn)|dσ(ζn) · · ·dσ(ζ1)
≤ γ
′(θ)‖ϕn‖∞
4
(
3
16
)n−2 ∫
D
P (ζ1, e
iθ)(1− |ζ1|2)dσ(ζ1)
=
γ′(θ)‖ϕn‖∞
16
(
3
16
)n−2
.
Hence, (2.15) and (2.16) follow from the inequalities (2.21), (2.24) and (2.26)
along with the following chain of inequalities:
|χ0| −
n∑
k=1
|χk| ≤ Jf (eiθ) ≤
n∑
k=0
|χk|.
The proof of the lemma is complete. 
Theorem D. ([25, Theorem 3.4]) Suppose that f is a quasiconformal C2 diffeomor-
phism from the plane domain Ω with C1,α compact boundary onto the plane domain
Ω∗ with C2,α compact boundary. If there exist constants a1 and b1 such that
|∆f(z)| ≤ a1‖Df(z)‖2 + b1
in Ω, then f has bounded partial derivatives. In particular, it is a Lipschitz mapping
in Ω.
Theorem E. ([41, Theorem 2.2]) Given K ≥ 1, let f be a K-quasiconformal and
harmonic self-mapping of D satisfying f(0) = 0. Then, for z ∈ D,
|fz(z)| ≥ K + 1
2K
max
{
2
π
, LK
}
,
where LK is defined in [41, Lemma 1.4] and limK→1LK = 1.
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3. The proof of Theorem 1.4
The purpose of this section is to prove Theorem 1.4. The proof consists of three
steps. In the first step, the Lipschitz continuity of the mappings f is proved, the
co-Lipschitz continuity of f is demonstrated in the second step, and in the third
step, the Lipschitz and co-Lipschitz continuity coefficients obtained in the first two
steps are shown to have bounds with the forms as required in Theorem 1.4.
Step 3.1. The asymptotically sharp Lipschitz inequality of f .
We start the discussions of this step with the following claim.
Claim 3.1. The limits
lim
z→ξ∈T,z∈D
Df(z) and lim
z→ξ∈T,z∈D
Jf (z)
exist almost everywhere in T.
We are going to verify the existence of these two limits by applying Theorem D
and Lemma 2.6. For this, we need to get an upper bound of |∆f | as stated in (3.1)
and (3.2) below, and we will divide it into two cases to estimate.
Case 1. n = 2.
By the formula (1.3) in [28] (see also [20, pp. 118-120]), we have that for z ∈ D,
∆f(z) = P [ϕ1](z)−
∫
D
G(z, ζ)ϕ2(ζ)dσ(ζ).
It follows from Lemma 2.1 (2.1) that
(3.1) |∆f(z)| ≤ |P [ϕ1](z)| + ‖ϕ2‖∞
∫
D
|G(z, ζ)|dσ(ζ) ≤ ‖ϕ1‖∞ + ‖ϕ2‖∞
4
.
Case 2. n ≥ 3.
Since
∆n−1(∆f) = ϕn in D,
and
∆n−2(∆f)|T = ϕn−1, . . . , ∆f |T = ϕ1,
by (1.5), we see that, for z ∈ D,
∆f(z) = P [ϕ1](z) +
n−1∑
j=1
(−1)jGj[ϕj+1](z),
where
Gk[ϕk+1](z) =
∫
D
· · ·
∫
D
G(z, ξ1) · · ·G(ξk−1, ξk)
×
(∫ 2π
0
P (ξk, e
it)ϕk+1(e
it)dt
)
dσ(ξk) · · · dσ(ξ1)
for k ∈ {1, . . . , n− 2}, and
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Gn−1[ϕn](z) =
∫
D
· · ·
∫
D
G(z, ζ1) · · ·G(ζn−3, ζn−2)
×
(∫
D
G(ζn−2, ζn−1)ϕn(ζn−1)dσ(ζn−1)
)
dσ(ζn−2) · · · dσ(ζ1).
By Lemmas 2.1 and , for z ∈ D, we obtain that
|Gk[ϕk+1](z)| ≤ ‖ϕk+1‖∞
∫
D
· · ·
∫
D
|G(z, ξ1)| · · · |G(ξk−1, ξk)|dσ(ξk) · · · dσ(ξ1)
≤ ‖ϕk+1‖∞
4
(
3
16
)k−1
(1− |z|2)
≤ ‖ϕk+1‖∞
4
(
3
16
)k−1
for k ∈ {1, . . . , n− 2}, and
|Gn−1[ϕn](z)| = ‖ϕn‖∞
∫
D
· · ·
∫
D
|G(z, ζ1)| · · · |G(ζn−3, ζn−2)|dσ(ζn−2) · · · dσ(ζ1)
≤ ‖ϕn‖∞
4
(
3
16
)n−2
(1− |z|2)
≤ ‖ϕn‖∞
4
(
3
16
)n−2
,
which give that
|∆f(z)| = |P [ϕ1](z)| +
n−1∑
j=1
|Gj[ϕj+1](z)|(3.2)
≤ ‖ϕ1‖∞ +
n−1∑
j=1
‖ϕj+1‖∞
4
(
3
16
)j−1
<∞.
Since f is a K-quasiconformal self-mapping of D, we see that f can be extended to
the homeomorphism of D onto itself. Now, the existence of the limits
Df(ξ) = lim
z→ξ∈T,z∈D
Df(z) and Jf(ξ) = lim
z→ξ∈T,z∈D
Jf(z)
almost everywhere in T follows from (3.2), Theorem D and Lemma 2.6.
For convenience, in the following, let
C2(K,ϕ1, · · · , ϕn) = sup
z∈D
‖Df(z)‖.
Since for almost all z1 and z2 ∈ D,
(3.3) |f(z1)− f(z2) =
∣∣∣ ∫
[z1,z2]
fzdz + fzdz
∣∣∣ ≤ C2(K,ϕ1, · · · , ϕn)|z1 − z2|,
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we see that, to prove the Lipschitz continuity of f and investigate the behavior of the
Lipschitz coefficient, it suffices to estimate the quantity C2(K,ϕ1, · · · , ϕn). To reach
this goal, we first show that the quantity C2(K,ϕ1, · · · , ϕn) satisfies an inequality
which is stated in the following claim.
Claim 3.2. C2(K,ϕ1, · · · , ϕn) ≤
(
C2(K,ϕ1, · · · , ϕn)
)1− 1
Kµ1 + µ2, where
µ1 =
K(Q(K))
1
K
+1
2π
∫ 2π
0
|1− eit|−1+ 1K2 dt,
Q(K) is from Theorem A, µ2 = µ3 + µ4,
µ3 =
K‖ϕ1‖∞
2
+K
n∑
k=2
‖ϕk‖∞
16
(
3
16
)k−2
,
and
µ4 =
7
6
‖ϕ1‖∞ +
n∑
k=2
47‖ϕk‖∞
240
(
3
16
)k−2
.
To prove the claim, we need the following preparation. Firstly, we prove that for
almost every θ ∈ [0, 2π],
(3.4) ‖Df(eiθ)‖ ≤ K
2π
∫ 2π
0
|f(eit)− f(eiθ)|2
|eit − eiθ|2 dt+ µ3.
For θ ∈ [0, 2π], let
ϕ0(e
iθ) = f(eiθ) = eiγ(θ).
Then, by (2.18), we see that f(eiθ) is absolutely continuous. It follows that
iγ′(θ)eiγ(θ) =
d
dθ
f(eiθ) = lim
r→1−
∂
∂θ
f(reiθ) = lim
r→1−
[
ir
(
fz(re
iθ)eiθ − fz(reiθ)e−iθ
) ]
,
which implies
(3.5)
1
K
‖Df(eiθ)‖ ≤ lim
r→1−
λ(Df(re
iθ)) ≤ γ′(θ) ≤ lim
r→1−
‖Df(reiθ)‖ = ‖Df(eiθ)‖
almost everywhere in [0, 2π], where r ∈ [0, 1).
Since the existence of the two limits
Df(e
iθ) = lim
z→eiθ,z∈D
Df(z) and Jf(e
iθ) = lim
z→eiθ,z∈D
Jf(z)
almost everywhere in [0, 2π] guarantees that
‖Df(eiθ)‖2 ≤ KJf(eiθ),
we deduce from (2.15) and (3.5) that
‖Df(eiθ)‖2 ≤ K‖Df(eiθ)‖
{
1
2π
∫ 2π
0
|f(eit)− f(eiθ)|2
|eit − eiθ|2 dt+
µ3
K
}
,
from which the inequality (3.4) follows.
Secondly, we show that for any ǫ > 0, there exists θǫ ∈ [0, 2π] such that
(3.6) C2(K,ϕ1, · · · , ϕn) ≤ (1 + ǫ)‖Df (eiθǫ)‖+ µ4.
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For the proof, let t ∈ [0, 2π], and let
Ht(z) =
∂
∂z
P [ϕ0](z) + e
it ∂
∂z
P [ϕ0](z)
in D.
Since P [ϕ0] = f −
∑n
k=1(−1)kGk[ϕk] is harmonic, we see that Ht is analytic in D,
and thus,
|Ht(z)| ≤ esssupθ∈[0,2π]|Ht(eiθ)| ≤ esssupθ∈[0,2π]‖DP [ϕ0](eiθ)‖.
Then, the facts
‖DP [ϕ0](z)‖ = max
t∈[0,2π]
|Ht(z)| ≤ esssupθ∈[0,2π]‖DP [ϕ0](eiθ)‖
and
‖DP [ϕ0](z)‖ =
∣∣∣∣∣∂f∂z −
n∑
k=1
(−1)k ∂
∂z
Gk[ϕk]
∣∣∣∣∣ +
∣∣∣∣∣∂f∂z −
n∑
k=1
(−1)k ∂
∂z
Gk[ϕk]
∣∣∣∣∣
ensure
‖DP [ϕ0](z)‖ ≤ esssupθ∈[0,2π]‖Df(eiθ)‖+
n∑
k=1
esssupθ∈[0,2π]‖DGk[ϕk](eiθ)‖,
which, together with Lemmas 2.4 and 2.5, guarantees that for all z ∈ D,
‖Df (z)‖ ≤ ‖DP [ϕ0](z)‖ +
n∑
k=1
‖DGk[ϕk](z)‖ ≤ esssupθ∈[0,2π]‖Df (eiθ)‖+ µ4,
from which the inequality (3.6) follows.
Let
ν =
1
2π
∫ 2π
0
|f(eit)− f(eiθǫ)|2
|eit − eiθǫ|2 dt.
Finally, we need the following estimate of ν:
(3.7) ν ≤
(
C2(K,ϕ1, · · · , ϕn)
)1− 1
K (Q(K))
1
K
+1
2π
∫ 2π
0
|eit − eiθǫ|−1+ 1K2 dt.
Since it follows from (3.3) that for almost all θ1, θ2 ∈ [0, 2π],
(3.8) |f(eiθ1)− f(eiθ2)| ≤ C2(K,ϕ1, · · · , ϕn)
∣∣eiθ1 − eiθ2∣∣ ,
we infer that
ν ≤
(
C2(K,ϕ1, · · · , ϕn)
)1− 1
K
2π
∫ 2π
0
|eit − eiθǫ |−1+ 1K2 |f(e
it)− f(eiθǫ)|1+ 1K
|eit − eiθǫ| 1K+ 1K2
dt,
from which, together with Theorem A, the inequality (3.7) follows.
Now, we are ready to finish the proof of the claim. It follows from (3.6) that
C2(K,ϕ1, · · · , ϕn) ≤ (1 + ǫ)‖Df (eiθǫ)‖+ µ4,
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and so, (3.4) and (3.7) give
(3.9) C2(K,ϕ1, · · · , ϕn) ≤
(
C2(K,ϕ1, · · · , ϕn)
)1− 1
K µ1(1 + ǫ) + µ3(1 + ǫ) + µ4.
Moreover, by [21, Lemma 1.6], we know that∫ 2π
0
|eit − eiθǫ|−1+ 1K2 dt <∞,
which shows µ1 <∞.
By letting ǫ→ 0+, we get from (3.9) that
C2(K,ϕ1, · · · , ϕn) ≤
(
C2(K,ϕ1, · · · , ϕn)
)1− 1
K µ1 + µ2,
as required.
The following is a lower bound for C2(K,ϕ1, · · · , ϕn).
Claim 3.3. C2(K,ϕ1, · · · , ϕn) ≥ 1.
Since ∫ 2π
0
γ′(θ)dθ = γ(2π)− γ(0) = 2π,
we conclude that
esssupθ∈[0,2π] lim
t→θ
∣∣∣∣f(eiθ)− f(eit)eiθ − eit
∣∣∣∣ = esssupθ∈[0,2π]γ′(θ) ≥ 1.
Then, it follows from (3.8) and the following fact
esssupθ∈[0,2π] lim
t→θ
∣∣∣∣f(eiθ)− f(eit)eiθ − eit
∣∣∣∣ ≤ esssup0≤θ 6=t≤2π
∣∣∣∣f(eiθ)− f(eit)eiθ − eit
∣∣∣∣
that
C2(K,ϕ1, · · · , ϕn) ≥ 1.
Hence, the claim is true.
An upper bound of C2(K,ϕ1, · · · , ϕn) is established in the following claim.
Claim 3.4. If (K−1)
K
µ1 < 1, then
C2(K,ϕ1, · · · , ϕn) ≤ µ5,
where µ5 =
1
K
µ1+µ2
1−µ1(1− 1K )
.
The proof of this claim easily follows from [28, Lemma 2.9].
Now, we are ready to finish the discussions in this step. By Claims 3.2 and 3.3,
we obtain
1 ≤ C2(K,ϕ1, · · · , ϕn) ≤ µ6,
where µ6 = (µ1 + µ2)
K .
By letting
C3 =
{
µ6, if
(K−1)
K
µ1 ≥ 1,
min{µ5, µ6}, if (K−1)K µ1 < 1,
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we infer that
(3.10) 1 < C2(K,ϕ1, · · · , ϕn) ≤ C3.
Then, the Lipschtz continuity of f follows from these estimates of C2(K,ϕ1, · · · , ϕn).
Step 3.2. The asymptotically sharp co-Lipschitz inequality of f .
We begin the discussions of this step with some preparation which consists of the
following two claims.
Claim 3.5. λ(DP [ϕ0](e
iθ)) ≥ µ7
K2
− (1 + 1
K2
)
µ8 almost everywhere on θ ∈ [0, 2π],
where
(3.11) µ7 = max{µ′7, µ′′7}, µ′7 = (Q(K))−2K
1
2π
∫ 2π
0
|eit − eiθ|2K−2dt,
µ′′7 =
1
2
−
n∑
k=1
‖ϕk‖∞
8
(
3
16
)k−1
,
and
(3.12) µ8 =
‖ϕ1‖∞
2
+
n∑
k=2
‖ϕk‖∞
16
(
3
16
)k−2
.
By (3.5), we have
γ′(θ)
K
≤ ‖Df (e
iθ)‖
K
≤ λ(Df (eiθ)) ≤ λ(DP [ϕ0](eiθ)) +
n∑
k=1
‖DGk[ϕk](eiθ)‖,
which, together with Lemmas 2.4 and 2.5, implies
(3.13) λ(DP [ϕ0](e
iθ)) ≥ γ
′(θ)
K
−
n∑
k=1
‖DGk[ϕk](eiθ)‖ ≥
γ′(θ)
K
− µ8.
Then, we know from (3.13) that, to prove the claim, it suffices to show that
(3.14) Kγ′(θ) ≥ µ7.
Again, it follows from (3.5) that
Jf(e
iθ)
γ′(θ)
≤ Jf(e
iθ)
λ(Df(eiθ))
≤ Kλ(Df (eiθ)) ≤ Kγ′(θ),
and thus, (2.16) gives
Kγ′(θ) ≥ 1
2π
∫ 2π
0
|f(eit)− f(eiθ)|2
|eit − eiθ|2 dt− µ8.
This implies that, to prove (3.14), we only need to verify the validity of the following
inequality:
(3.15)
1
2π
∫ 2π
0
|f(eit)− f(eiθ)|2
|eit − eiθ|2 dt ≥ µ7.
28 Sh. Chen and D. Kalaj
We now prove this inequality. On the one hand, since f−1 is a K-quasiconformal
mapping, it follows from Theorem A that for any z1, z2 ∈ D,
(Q(K))−K |z1 − z2|K ≤ |f(z1)− f(z2)|,
which implies
1
2π
∫ 2π
0
|f(eit)− f(eiθ)|2
|eit − eiθ|2 dt ≥ µ
′
7.(3.16)
On the other hand, since f(0) = 0, we see from
|Gk[ϕk](0)| = ‖ϕk‖∞
∫
D
· · ·
∫
D
|G(0, ζ1)| · · · |G(ξk−1, ξk)|dσ(ξk) · · · dσ(ξ1)
≤ ‖ϕk‖∞
4
(
3
16
)k−1
and
|Gn[ϕn](0)| = ‖ϕn‖∞
4
∫
D
· · ·
∫
D
|G(0, ζ1)| · · · |G(ζn−2, ζn−1)|
×(1− |ζn−1|2)dσ(ζn−1) · · ·dσ(ζ1)
≤ ‖ϕn‖∞
4
(
3
16
)n−1
that
(3.17) |P [ϕ0](0)| ≤
n∑
k=1
|Gk[ϕk](0)| ≤
n∑
k=1
‖ϕk‖∞
4
(
3
16
)k−1
.
Then, we infer from (3.17) and the following fact:
1
2π
∫ 2π
0
|f(eit)− f(eiθ)|2
|eit − eiθ|2 dt ≥
1
4π
∫ 2π
0
[
1− Re(f(eit)f(eiθ))] dt ≥ 1− |P [ϕ0](0)|
2
that
1
2π
∫ 2π
0
|f(eit)− f(eiθ)|2
|eit − eiθ|2 dt ≥ µ
′′
7.(3.18)
Obviously, the inequality (3.15) follows from (3.16) and (3.18), and so, the claim
is proved.
Claim 3.6. For z ∈ D, λ(DP [ϕ0](z)) ≥ µ7K2 −
(
1 + 1
K2
)
µ8.
By the Choquet-Rado´-Kneser theorem (see [8]), we see that P [ϕ0] is a sense-
preserving harmonic diffeomorphism of D onto itself. It follows from Lewy’s theorem
(cf.[32]) and [19, Inequality (17)] that
(3.19) inf
z∈D
∣∣∣∣ ∂∂zP [ϕ0](z)
∣∣∣∣ > 0.
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Hence, for z ∈ D, we can let
p1(z) =
∂
∂z
P [ϕ0](z)
∂
∂z
P [ϕ0](z)
and p2(z) =
( µ7
K2
− µ8
) 1
∂
∂z
P [ϕ0](z)
,
and let
qϑ(z) = p1(z) + e
iϑp2(z),
where ϑ ∈ [0, 2π]. Since P [ϕ0] is a sense-preserving harmonic diffeomorphism of D,
by (3.19), we see that
(3.20) sup
z∈D
|qϑ(z)| < +∞.
By Claim 3.5, we have
(3.21) |qϑ(eiθ)| ≤ |p1(eiθ)|+ |p2(eiθ)| =
∣∣ ∂
∂z
P [ϕ0](e
iθ)
∣∣+ µ7
K2
− (1 + 1
K2
)
µ8∣∣ ∂
∂z
P [ϕ0](eiθ)
∣∣ ≤ 1
almost everywhere on θ ∈ [0, 2π].
Let
E = {θ ∈ [0, 2π] : lim
z→eiθ
qϑ(z) exists}.
Then the measure of the set [0, 2π]\E is zero. Hence, for r ∈ [0, 1), we have
|qϑ(rz)| ≤
∫ 2π
0
P (z, eiθ)|qϑ(reiθ)|dθ
≤
∫
E
P (z, eiθ)|qϑ(reiθ)|dθ +
∫
[0,2π]\E
P (z, eiθ)|qϑ(reiθ)|dθ
which, together with (3.20), (3.21) and the Lebesgue Dominated Convergence The-
orem, implies
(3.22) |qϑ(z)| ≤
∫
E
P (z, eiθ)|qϑ(eiθ)|dθ ≤ 1,
where z ∈ D. It follows from (3.22) and the arbitrariness of ϑ ∈ [0, 2π] that, for
z ∈ D,
|p1(z)|+ |p2(z)| ≤ 1,
from which the claim follows.
Now, we are ready to finish the proof of the co-Lipschitz continuity of f . Since
λ(Df(z)) ≥ λ(DP [ϕ0](z))−
n∑
k=1
‖DGk[ϕk](z)‖,
we see from Claim 3.6, Lemmas 2.4 and 2.5 that
λ(Df(z)) ≥ C1(K,ϕ1, · · · , ϕn),(3.23)
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where
C1(K,ϕ1, · · · , ϕn) = µ7
K2
−
(
1 +
1
K2
)
µ8(3.24)
−2
3
‖ϕ1‖∞ −
n∑
k=2
2‖ϕk‖∞
15
(
3
16
)k−2
.
And, we know from (3.11) and (3.12) that C1(K,ϕ1, · · · , ϕn) > 0 for small enough
‖ϕk‖∞, where k ∈ {1, 2, . . . , n}. Since for all z1, z2 ∈ D,
|f(z1)− f(z2)| ≥
∫
[z1,z2]
λ(Df(z))|dz| ≥ C1(K,ϕ1, · · · , ϕn)|z1 − z2|,
we conclude that f is co-Lipschitz continuous.
Step 3.3. Bounds of the Lipschitz continuity coefficients C1(K,ϕ1, · · · , ϕn) and
C2(K,ϕ1, · · · , ϕn).
The discussions of this step consists of the following two claims.
Claim 3.7. There are constants M2(K) and N2(K,ϕ1, · · · , ϕn) such that
(1) C2(K,ϕ1, · · · , ϕn) ≤M2(K) +N2(K,ϕ1, · · · , ϕn);
(2) limK→1M2(K) = 1, and
(3)
lim
‖ϕ1‖∞→0,··· ,‖ϕn‖∞→0
N2(K,ϕ1, · · · , ϕn) = 0.
From (3.10), we see that
1 ≤ C2(K,ϕ1, · · · , ϕn) ≤ C3,
where
C3 =


(µ1 + µ2)
K , if (K−1)
K
µ1 ≥ 1,
min
{
(µ1 + µ2)
K ,
1
K
µ1 + µ2
1− µ1
(
1− 1
K
)
}
, if (K−1)
K
µ1 < 1.
Then, we have
C3 =
{
M∗1 , if
(K−1)
K
µ1 ≥ 1,
min
{
M∗1 ,M
∗
2
}
, if (K−1)
K
µ1 < 1,
where M∗1 = M
′
2(K) + N
′
2(K,ϕ1, · · · , ϕn), M∗2 = M ′′2 (K) + N ′′2 (K,ϕ1, · · · , ϕn),
M
′
2(K) = µ
K
1 , M
′′
2 (K) =
µ1
K−µ1(K−1)
, N
′
2(K,ϕ1, · · · , ϕn) = (µ1 + µ2)K − µK1 , and
N
′′
2 (K,ϕ1, · · · , ϕn) =
µ2
1− µ1
(
1− 1
K
) .
Let
M2(K) =


M
′
2(K), if
(
1−K−1)µ1 ≥ 1,
M
′′
2 (K), if
(
1−K−1)µ1 < 1 and M∗1 ≥M∗2 ,
M
′
2(K), if
(
1−K−1)µ1 < 1 and M∗1 ≤M∗2
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and
N2(K,ϕ1, · · · , ϕn) =


N
′
2(K,ϕ1, · · · , ϕn), if
(
1−K−1)µ1 ≥ 1,
N
′′
2 (K,ϕ1, · · · , ϕn), if
(
1−K−1)µ1 < 1 and M∗1 ≥M∗2 ,
N
′
2(K,ϕ1, · · · , ϕn), if
(
1−K−1)µ1 < 1 and M∗1 ≤M∗2 .
It follows from the facts
lim
K→1
M2(K) = 1 and lim
‖ϕ1‖∞→0,··· ,‖ϕn‖∞→0
N2(K,ϕ1, · · · , ϕn) = 0
that these two constants are what we need, and so, the claim is proved.
Claim 3.8. There are constants M1(K) and N1(K,ϕ1, · · · , ϕn) such that
(1) C1(K,ϕ1, · · · , ϕn) ≥M1(K)−N1(K,ϕ1, · · · , ϕn);
(2) limK→1M1(K) = 1, and
(3)
lim
‖ϕ1‖∞→0,··· ,‖ϕn‖∞→0
N1(K,ϕ1, · · · , ϕn) = 0.
By (3.24), we have
C1(K,ϕ1, · · · , ϕn) ≥ M1(K)−N1(K,ϕ1, · · · , ϕn),
where
M1(K) = K
−2(Q(K))−2K
1
2π
∫ 2π
0
|eit − eiθ|2K−2dt
and
N1(K,ϕ1, · · · , ϕn) =
(
7
6
+
1
2K2
)
‖ϕ1‖∞
+
n∑
j=2
(
47
240
+
1
16K2
)
‖ϕj‖∞
(
3
16
)j−2
.
The following facts
lim
K→1
M1(K) = 1 and lim
‖ϕ1‖∞→0,··· ,‖ϕn‖∞→0
N1(K,ϕ1, · · · , ϕn) = 0
show that these two constants are what we want, and thus, the claim is true.
Now, by the discussions of Steps 3.1 ∼ 3.3, we see that the theorem is proved. 
4. The proof of Theorem 1.10
We first prove part (a).
Step 4.1. The co-Lipschitz continuity of f .
Now we begin to prove the co-Lipschitz continuity of f . Since f is a (K,K ′)-
quasiconformal mapping, by [26, Lemma 4.2], we see that, for z ∈ D,
‖Df(z)‖ ≤ Kλ(Df(z)) +
√
K ′,
which implies that
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(4.1) |fz(z)| ≤ (K − 1)
K + 1
|fz(z)|+
√
K ′
K + 1
.
By (1.5), we have
|fz(z)| =
∣∣∣∣∣P [ϕ0]z(z) +
n∑
k=1
(−1)kGk[ϕk]z(z)
∣∣∣∣∣ ≥ |P [ϕ0]z(z)| −
n∑
k=1
|Gk[ϕk]z(z)|
and
|fz(z)| =
∣∣∣∣∣P [ϕ0]z(z) +
n∑
k=1
(−1)kGk[ϕk]z(z)
∣∣∣∣∣ ≤ |P [ϕ0]z(z)|+
n∑
k=1
|Gk[ϕk]z(z)| ,
which, together with (4.1), yield that
(4.2) |P [ϕ0]z(z)| ≤ (K − 1)
K + 1
|P [ϕ0]z(z)| + Λ(z),
where
Λ(z) =
(K − 1)
K + 1
n∑
k=1
|Gk[ϕk]z(z)|+
n∑
k=1
|Gk[ϕk]z(z)|+
√
K ′
1 +K
.
By Lemmas 2.4 and 2.5, we have
(4.3) Λ(z) ≤ 2K
K + 1
H(ϕ1, · · · , ϕn) +
√
K ′
1 +K
,
where
H(ϕ1, · · · , ϕn) =
(
1
3
‖ϕ1‖∞ + 1
15
n∑
k=2
(
3
16
)k−2
‖ϕk‖∞
)
.
Since ϕ0 is a sense-preserving homeomorphic self-mapping of T, by the Choquet-
Rado´-Kneser theorem (see [8]), we see that P [ϕ0] is a harmonic diffeomorphism of
D onto itself. Then, by [47, Lemma 2.1], we obtain
(4.4)
|P [ϕ0]z(z)|
1
π
− |P [ϕ0](0)|
2
≥ 1.
It follows from (4.2), (4.3) and (4.4) that
|P [ϕ0]z(z)| ≤ (K − 1)
K + 1
|P [ϕ0]z(z)|+
(
2K
K + 1
H(ϕ1, · · · , ϕn) +
√
K ′
K + 1
)
|P [ϕ0]z(z)|(
1
π
− |P [ϕ0](0)|
2
) ,
which, together with the assumptions, gives that
(4.5)
|P [ϕ0]z(z)|
|P [ϕ0]z(z)| ≤
K − 1
K + 1
+
2KH(ϕ1, · · · , ϕn) +
√
K ′
(K + 1)
(
1
π
− |P [ϕ0](0)|
2
) < 1.
Then P [ϕ0] is a K
∗-quasiconformal mapping in D, where
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(4.6) K∗ =
K
(
2
π
− |P [ϕ0](0)|
)
+ 2KH(ϕ1, · · · , ϕn) +
√
K ′
2
π
− |P [ϕ0](0)| − 2KH(ϕ1, · · · , ϕn)−
√
K ′
.
Hence, by [47, Lemma 2.4], we have
(4.7) |P [ϕ0]z(z)| ≥ 1 +K
∗
2K∗
(
2
π
− |P [ϕ0](0)|
)
,
which, together with (4.1), yields that
λ(Df(z)) ≥ 2
K + 1
|fz(z)| −
√
K ′
K + 1
(4.8)
≥ 2
K + 1
(|P [ϕ0]z(z)| − H(ϕ1, · · · , ϕn))−
√
K ′
K + 1
≥ (1 +K
∗)
K∗(1 +K)
(
2
π
− |P [ϕ0](0)|
)
− 2H(ϕ1, · · · , ϕn) +
√
K ′
K + 1
.
Claim 4.1.
(1 +K∗)
K∗(1 +K)
(
2
π
− |P [ϕ0](0)|
)
− 2H(ϕ1, · · · , ϕn) +
√
K ′
K + 1
> 0.
Now we prove this Claim. Let B = 2/π − |P [ϕ0](0)|. By the assumptions, we
have
(4.9) 2KH(ϕ1, · · · , ϕn) +
√
K ′ < B.
It follows from (4.6) and (4.9) that
K∗ + 1
K∗(K + 1)
B = B
2
KB + 2KH(ϕ1, · · · , ϕn) +
√
K ′
>
B2
KB + B
=
B
K + 1
>
2KH(ϕ1, · · · , ϕn) +
√
K ′
K + 1
≥ 2H(ϕ1, · · · , ϕn) +
√
K ′
K + 1
,
which implies that the Claim 4.1 is true. Since for all z1, z2 ∈ D,
|f(z1)− f(z2)| ≥
∫
[z1,z2]
λ(Df(z))|dz|
≥
(
(1 +K∗)
K∗(1 +K)
B − 2H(ϕ1, · · · , ϕn) +
√
K ′
K + 1
)
|z1 − z2|,
we conclude that f is also co-Lipschitz continuous.
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Step 4.2. The Lipschitz continuity of f .
The Lipschitz continuity of f easy follows from (3.1), (3.2) and Theorem D.
Next, we prove part (b).
Step 4.3. The asymptotically sharp Lipschitz inequality of f .
Since P [ϕ0] is a K
∗-quasiconformal mapping of D onto itself with P [ϕ0](0) = 0,
by [40, Theorem 3.3], we see that, for all z1, z2 ∈ D,
(4.10) |P [ϕ0](z1)− P [ϕ0](z2)| ≤ (K∗)3K∗+125(K∗−1/K∗)/2|z1 − z2|.
By Lemmas 2.4 and 2.5, we obtain that, for all z1, z2 ∈ D,
(4.11) |G1[ϕ1](z1)−G1[ϕ1](z2)| ≤ 2
3
‖ϕ1‖∞|z1 − z2|
and
(4.12) |Gk[ϕk](z1)−Gk[ϕk](z2)| ≤ 2
15
(
3
16
)k−1
‖ϕk‖∞|z1 − z2|,
where k ∈ {2, . . . , n}. It follows from (1.5), (4.10), (4.11) and (4.12) that, for all
z1, z2 ∈ D,
|f(z1)− f(z2)| ≤ |P [ϕ0](z1)− P [ϕ0](z2)|+
n∑
k=1
|Gk[ϕk](z1)−Gk[ϕk](z2)|
≤ (M3(K,K ′) +N3(ϕ1, . . . , ϕn))|z1 − z2|,
where M3(K,K
′) = (K∗)3K
∗+125(K
∗−1/K∗)/2 and
N3(ϕ1, . . . , ϕn) =
2
3
‖ϕ1‖∞ +
n∑
k=2
2
15
(
3
16
)k−1
‖ϕk‖∞.
It is easy to know that
lim
K→1,K ′→0
M3(K,K
′) = 1 and lim
‖ϕ1‖∞→0,...,‖ϕn‖∞→0
N3(ϕ1, . . . , ϕn)
)
= 0.
Step 4.4. The asymptotically sharp co-Lipschitz inequality of f .
Let
M4(K,K
′) =
(1 +K∗)
K∗(1 +K)
max
{
2
π
, LK∗
}
−
√
K ′
K + 1
and
N4(ϕ1, . . . , ϕn) =
2H(ϕ1, · · · , ϕn)
K + 1
,
where K∗ is defined in (4.6) and LK∗ is a positive constant satisfying
lim
K→1,K ′→0
LK∗ = 1.
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Then
lim
K→1,K ′→0
M4(K,K
′) = 1 and lim
‖ϕ1‖∞→0,...,‖ϕn‖∞→0
N4(ϕ1, . . . , ϕn)
)
= 0.
It follows from the Claim 4.1 that
(4.13) M4(K,K
′)−N4(ϕ1, . . . , ϕn) > 0.
Then, by Theorem E, we have
(4.14) |P [ϕ0]z(z)| ≥ K
∗ + 1
2K∗
max
{
2
π
, LK∗
}
, z ∈ D,
which, together with (4.1) and (4.13), yields that, for all z1, z2 ∈ D,
|f(z1)− f(z2)| ≥
∫
[z1,z2]
λ(Df (z))|dz| ≥
∫
[z1,z2]
(
2
K + 1
|fz(z)| −
√
K ′
K + 1
)
|dz|
≥
∫
[z1,z2]
(
2
K + 1
(|P [ϕ0]z(z)| − H(ϕ1, · · · , ϕn))−
√
K ′
K + 1
)
|dz|
≥ (M4(K,K ′)−N4(ϕ1, . . . , ϕn))|z1 − z2|.
Therefore, f is co-Lipschitz continuous in D. The proof of this theorem is complete.

5. The proof of Theorem 1.11
By (1.5), we have
f(z) = P [ϕ0](z) +
n∑
k=1
(−1)kGk[ϕk](z), z ∈ D.
For k ∈ {1, 2, · · · , n}, it follows from Lemmas 2.4 and 2.5 that Gk[ϕk] are Lipschitz
continuous in D. Since P [ϕ0] is Lipschitz continuous in D if and only if the Hilbert
transform of dϕ0(e
iθ)/dθ ∈ L∞(T) (see the part 1.2), together with the Lipschitz
continuity of Gk[ϕk], we conclude that f is Lipschitz continuous in D if and only if
the Hilbert transform of dϕ0(e
iθ)/dθ ∈ L∞(T), where k ∈ {1, 2, · · · , n}. The proof
of this proposition is complete. 
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